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NILPOTENT COVERS OF SYMMETRIC GROUPS
KIMEU ARPHAXAD NGWAVA, NICK GILL, AND IAN SHORT
Abstract. We prove that the symmetric group Sn has a unique minimal cover M by maximal nilpotent
subgroups, and we obtain an explicit and easily computed formula for the order of M. In addition, we prove
that the order of M is equal to the order of a maximal non-nilpotent subset of Sn. This cover M has attractive
properties; for instance, it is a normal cover, and the number of conjugacy classes of subgroups in the cover is
equal to the number of partitions of n into distinct positive integers.
These results contrast starkly with those for abelian covers of Sn.
1. Introduction
The principal objective of this paper is to determine the least number of nilpotent subgroups of the symmetric
group on n letters Sn that are necessary to cover Sn. We establish that there is a unique minimal collection of
maximal nilpotent subgroups that cover Sn, and the order of this collection can be computed easily from a list
of the partitions of n into distinct positive integers. Furthermore, we prove that the order of the collection is
equal to the order of a maximal non-nilpotent subset of Sn. These results are stronger than similar results for
abelian covers, suggesting that nilpotent covers are a richer class of covers to study.
To explain our results in more detail, consider a finite group G. A nilpotent cover of G is a finite family M
of nilpotent subgroups of G for which
G =
⋃
H∈M
H.
A nilpotent coverM of G is said to be minimal if no other nilpotent cover of G has fewer members. Let Σ∞(G)
denote the size of a minimal nilpotent cover of G, provided such a cover exists.
Of particular interest to us are nilpotent covers that are invariant under conjugation. A nilpotent cover M
of G is normal if whenever H ∈ M and g ∈ G we have g−1Hg ∈ M. We seek to ascertain whether a minimal
nilpotent cover of G can be found that is normal.
Each normal nilpotent cover of G can be partitioned into conjugacy classes of subgroups. Let Γ∞(G) denote
the least number of such conjugacy classes, among all the normal nilpotent covers of G.
There is a parallel notion to that of nilpotent cover: a non-nilpotent subset of G is a subset X of G such
that for any two distinct elements x and y of X , the subgroup 〈x, y〉 generated by x and y is not nilpotent. A
non-nilpotent subset of G is said to be maximal if no other non-nilpotent subset of G contains more elements.
Let σ∞(G) denote the size of a maximal non-nilpotent subset of G. A straightforward consequence of the
pigeon-hole principle is that σ∞(G) ≤ Σ∞(G), provided G has a nilpotent cover.
In this paper we calculate the quantities Γ∞(Sn), Σ∞(Sn) and σ∞(Sn), and prove that the latter two
quantities coincide. We use the concept of a distinct partition of a positive integer n, which is a set T =
{t1, t2, . . . , tk} where t1, t2, . . . , tk are distinct positive integers and n = t1 + t2 + · · ·+ tk.
In Section 2 we will prove that if the cycle type of an element g of Sn is a distinct partition of n, then g
lies within a unique maximal nilpotent subgroup of Sn (Proposition 2.4). We denote by M the collection of all
maximal nilpotent subgroups that arise in this way.
Theorem 1.1. The cover M is the unique minimal nilpotent cover of Sn by maximal nilpotent subgroups.
The cover M is by definition a normal cover, so we obtain the following corollary of Proposition 2.4 and
Theorem 1.1.
Corollary 1.2. The cover M is a normal nilpotent cover of Sn and Γ∞(Sn) is equal to the number of partitions
of n into distinct positive integers.
Key words and phrases. alternating group; nilpotent cover; non-nilpotent subset; normal nilpotent cover; symmetric group.
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Moreover, using Proposition 2.4 we can see that M is the unique normal nilpotent cover of Sn containing
Γ∞(Sn) conjugacy classes of maximal nilpotent subgroups of Sn.
The problem of calculating the number of distinct partitions of a positive integer n is an old one. Values
for small n can be found at the OEIS [OEI19], along with a wealth of information about this problem. One
well-known fact about distinct partitions (due to Euler) is that the number of distinct partitions of n is equal
to the number of partitions of n into odd positive integers.
A further corollary of Theorem 1.1 gives an explicit formula for Σ∞(Sn) and σ∞(Sn).
Corollary 1.3. We have
Σ∞(Sn) = σ∞(Sn) =
∑
T∈DP(n)

 n!∏
t∈T
ℓ∏
i=1
(pi − 1)
aipeii

,
where, in the final product, t = pa11 p
a2
2 · · · p
aℓ
ℓ is the prime factorisation of t and ei = (p
ai
i − 1)/(pi − 1),
for i = 1, 2, . . . , ℓ.
The product
ℓ∏
i=1
(pi − 1)
aipeii in Corollary 1.3 is considered to take the value 1 if t = 1.
Let DP(n) denote the set of all distinct partitions of n. Table 1.1 displays the first few values of DP(n)
and Σ∞(Sn).
n DP(n) Σ∞(Sn)
2 {2} 1
3 {1, 2}, {3} 4
4 {1, 3}, {4} 7
5 {1, 4}, {2, 3}, {5} 31
6 {1, 2, 3}, {1, 5}, {2, 4}, {6} 201
7 {1, 2, 4}, {1, 6}, {2, 5}, {3, 4}, {7} 1086
8 {1, 2, 5}, {1, 3, 4}, {1, 7}, {2, 6}, {3, 5}, {8} 5139
9 {1, 2, 6}, {1, 3, 5}, {2, 3, 4}, {1, 8}, {2, 7}, {3, 6}, {4, 5}, {9} 37507
Table 1.1. Values of DP(n) and Σ∞(Sn), for n = 2, 3, . . . , 9.
When n = 3 the minimal nilpotent cover M comprises the nilpotent subgroups
〈(1, 2)〉, 〈(2, 3)〉, 〈(3, 1)〉, 〈(1, 2, 3)〉,
where, for example, 〈(1, 2, 3)〉 is the cyclic group generated by the permutation (1, 2, 3) (written in disjoint cycle
notation). When n = 4 the minimal nilpotent cover M comprises the four cyclic subgroups
〈(1, 2, 3)〉, 〈(1, 2, 4)〉, 〈(1, 3, 4)〉, 〈(2, 3, 4)〉
and the three dihedral subgroups of order 8
〈(1, 2, 3, 4), (1, 3)〉, 〈(1, 3, 4, 2), (1, 4)〉, 〈(1, 4, 2, 3), (1, 2)〉.
We remark that n = 6 is the least value of n for which the corresponding minimal nilpotent cover M is not
the full collection of all maximal nilpotent subgroups of Sn. For M does not contain the maximal nilpotent
subgroup
〈(1, 2, 3), (4, 5, 6), (14)(25)(36)〉
of S6, isomorphic to C3 × C3 × C2, nor any of the other nine conjugates of this subgroup.
Let us contrast our results to those on abelian covers. An abelian cover of a group G is a finite family of
abelian subgroups of G whose union is equal to G. We write Σ1(G) for the smallest possible size of an abelian
cover of G. A non-commuting subset of a group G is a subset X of G such that any two distinct elements
of X generate a non-abelian group (or, equivalently, any two distinct elements of X do not commute). We
write σ1(G) for the size of the largest non-commuting subset of G. Just as for nilpotent covers, it is clear that
σ1(G) ≤ Σ1(G). However, in contrast to Corollary 1.3, Brown [Bro88, Bro91] proved that Σ1(Sn) 6= σ1(Sn) for
n ≥ 15. Furthermore, Barrantes et al. showed that, likewise, Σ1(An) 6= σ1(An) for n ≥ 20 [BGR16].
It seems likely that results similar to those presented here should hold for nilpotent covers of the alternating
groups and perhaps for other finite simple groups also. There has been progress on this already; for instance,
Azad et al. [ABG15] (following earlier work of Azad [Aza11]) proved that for a finite simple group G the size
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of a maximal non-nilpotent subset is approximately equal to the number of maximal tori in G. Moreover, they
proved that Σ∞(G) = σ∞(G) when G is a finite group of Lie type of rank 1.
This discussion motivates the following question.
Question 1.4. Which almost simple groups G satisfy some or all of the following properties:
(i) G has a unique minimal cover by maximal nilpotent subgroups,
(ii) a minimal cover of G by maximal nilpotent subgroups is necessarily normal,
(iii) Σ∞(G) = σ∞(G)?
At present we are unaware of any almost simple groups for which these properties do not hold.
Acknowledgments. The main result of this paper is based on work from the PhD thesis of the first author,
supervised by the second and third authors. This supervisory arrangement has been made possible through a
grant from the Mentoring African Research in Mathematics scheme sponsored by the LMS, IMU and AMMSI.
All three authors thank these organisations for their invaluable support.
2. Proof of Theorem 1.1
In the course of the proof we use a variety of well known properties of permutation groups and nilpotent
groups. In particular, we use the fact that a finite nilpotent group is a direct product of its Sylow subgroups.
A consequence of this observation is that elements of coprime order in such a group commute. Another fact
we use is that if P is a Sylow p-subgroup of Sn, for some prime p, and n = a0 + a1p+ · · ·+ akp
k is the base-p
expansion of n, then P has ai orbits on {1, 2, . . . , n} of size p
i, for i = 0, 1, . . . , k (and this accounts for all orbits
of P ). For example, if p = 3 and n = 16, then P has orbits of sizes 1, 3, 3, 9.
We make use of the following notation and terminology. Given a subset X of {1, 2, . . . , n}, we denote by
Sym(X) the full group of symmetries of X within Sn. That is, Sym(X) is the pointwise stabilizer of the
complement of X . Also, we refer to the ‘orbits of a permutation g’ as a shorthand for the orbits of the cyclic
group generated by g.
For an integer k and a prime p, we define |k|p to be the largest power of p that is a factor of k, and we define
|k|p′ = |k|/|k|p.
Lemma 2.1. Let O1, O2, . . . , Ok be the orbits in {1, 2, . . . , n} of an element g of Sn, and suppose that the orders
t1, t2, . . . , tk of these orbits form a distinct partition of n. Any nilpotent subgroup N of Sn containing g satisfies
N ≤ Sym(O1)× Sym(O2)× · · · × Sym(Ok).
Proof. Let M = Sym(O1) × Sym(O2) × · · · × Sym(Ok), a subgroup of Sn. Since N is a direct product of its
Sylow subgroups, it is enough to prove that any Sylow p-subgroup P of N is contained in M . Let h ∈ P . We
will prove that Ohi = Oi, for i = 1, 2, . . . , k, from which it follows that h ∈M .
Let m denote the order of g and let d = |m|p′ and e = |m|p (so m = de). We define g1 = g
e, which has order
d. The orbits of g1 are a refinement of those of g. More specifically, for each index i, there are |ti|p orbits of g1
within Oi, each of size |ti|p′ .
Since g1 and h have coprime orders, they commute. Consequently, for any x ∈ {1, 2, . . . , n}, the orbit of x
under g1 has the same size as the orbit of x
h under g1. It follows that if x ∈ Oi and x
h ∈ Oj , then |ti|p′ = |tj |p′ .
Consider a complete set of orbits Oi for which the values |ti|p′ are all equal; after relabelling we can assume
that O1, O2, . . . , Oℓ is such a set. The preceding argument shows that h preserves the union O1 ∪O2 ∪ · · · ∪Oℓ.
For the remainder of the argument, we focus on the restriction of g and h to this union. To simplify notation,
we assume that this union is in fact the full set {1, 2, . . . , n}.
As before, we let m denote the order of g and let d = |m|p′ , e = |m|p and g1 = g
e, of order d. Since each of
the orbits of g1 has the same size, we see that g1 is a product of n/d disjoint d-cycles. Thus g1 has n/d orbits,
each of which comprises the d entries of some d-cycle of g.
Any element of Sn that commutes with g1 must permute these n/d orbits. In this way we obtain a homo-
morphism θ from the centralizer CSn(g1) of g1 in Sn to Sn/d. The Sylow p-subgroup P is contained in CSn(g1),
so we can define P ′ = θ(P ), a Sylow p-subgroup of Sn/d.
Now define g2 = g
d. This has order e, a power of p, so g2 ∈ P . Let us consider how the cyclic group 〈g2〉
acts on the orbits of g1. For any index i ∈ {1, 2, . . . , ℓ}, we know that g2 fixes Oi. Choose x, y ∈ Oi; then
y = gr(x) for some integer r. Since d and e are coprime we can find integers a and b such that r = ad+ be, in
which case y = gad+be(x), so ga2 (x) = g
−b
1 (y). It follows that g
a
2 (x) and y are in the same orbit of g1. Therefore
any orbit of g1 in Oi can be mapped to any other under the action of 〈g2〉. Consequently, θ(g2) is a product of
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disjoint cycles of orders t1/d, t2/d, . . . , tℓ/d. Each of these integers is a power of p, and they are distinct, since
the integers t1, t2, . . . , tℓ are distinct. Thus n/d = t1/d+ t2/d+ · · ·+ tℓ/d is the p-ary decomposition of n/d.
Consider next the action of the Sylow p-subgroup P ′ on Sn/d. Using the observation about orbits of Sylow
p-subgroups stated before the lemma we see that the orbits of P ′ must be exactly those of θ(g2). In particular,
since θ(h) ∈ P ′ we see that, for any i ∈ {1, 2, . . . , ℓ}, the permutation h maps any orbit of g1 within Oi to
another orbit of g1 in Oi. Hence h fixes Oi, as required. 
Let p be a prime, a a positive integer, and q = pa. The next lemma uses the known result that all q-cycles
in a Sylow p-subgroup P of Sq are conjugate in the normalizer NSq (P ) of P in Sq.
Lemma 2.2. Let g be a q-cycle in Sq, where q = p
a, a prime power. There is a unique Sylow p-subgroup of Sq
that contains g.
Proof. Let P be a Sylow p-subgroup of Sq that contains g, and suppose that g also belongs to another Sylow
p-subgroup h−1Ph, for some h ∈ Sq. Then hgh
−1 is a q-cycle in P , so there exists k ∈ NSq (P ) with hgh
−1 =
k−1gk. Consequently, (kh)g = g(kh), so kh belongs to the centralizer of g in Sq. Now, the centralizer of g is
the cyclic group generated by g, so h ∈ NSq (P ). Hence h
−1Ph = P . Thus g is contained in a unique Sylow
p-subgroup of Sq. 
Next we introduce some concepts about permutation groups and Sylow subgroups.
Suppose that G is a subgroup of Sm and H is a subgroup of Sn. Then G×H acts faithfully on {1, 2, . . . ,m}×
{1, 2, . . . , n} by the formula (g, h) : (x, y) 7−→ (xg, yh). By choosing some identification of {1, 2, . . . ,m} ×
{1, 2, . . . , n} with {1, 2, . . . ,mn} we obtain a subgroup of Smn, which we denote by G×˙H (the freedom to
choose an identification means that this group is defined only up to conjugation in Smn).
In the same way we can take subgroups G1, G2, . . . , Gk of the symmetric groups Sn1 , Sn2 , . . . , Snk , in order,
and define the product G1×˙G2×˙ · · · ×˙Gk, a subgroup of Sn, where n = n1n2 · · ·nk. Observe that the opera-
tion ×˙ is both associative and commutative. Observe also that if G1, G2, . . . , Gk are transitive subgroups of
Sn1 , Sn2 , . . . , Snk , then G1×˙G2×˙ · · · ×˙Gk is a transitive subgroup of Sn.
For a positive integer t, we write t = pa11 p
a2
2 · · · p
aℓ
ℓ , where p1 < p2 < · · · < pℓ are primes and a1, a2, . . . , aℓ are
positive integers. Let qi = p
ai
i , for i = 1, 2, . . . , ℓ. We define P(t) = [p1, p2, . . . , pℓ] and PP(t) = [q1, q2, . . . , qℓ],
the lists of primes and the corresponding prime powers in the prime factorisation of t, respectively, each written
in increasing order.
Let Ppi,qi be a Sylow pi-subgroup of Sqi , for i = 1, 2, . . . , ℓ. Since t = q1q2 · · · qℓ we see that
Pp1,q1×˙Pp2,q2×˙ · · · ×˙Ppℓ,qℓ
is a subgroup of St. Indeed, it is a transitive subgroup of St, because Ppi,qi is a transitive subgroup of Sqi .
The following lemma generalises Lemma 2.2.
Lemma 2.3. Let g be a t-cycle in St. Let P(t) = [p1, p2, . . . , pℓ] and PP(t) = [q1, q2, . . . , qℓ]. Then g lies in a
unique maximal nilpotent subgroup N of St and
N = Pp1,q1×˙Pp2,q2×˙ · · · ×˙Ppℓ,qℓ ,
for some Sylow pi-subgroups Ppi,qi of Sqi , i = 1, 2, . . . , ℓ.
Proof. By conjugating, we can assume that g = (1, 2, . . . , t). Let N be a nilpotent subgroup of St that contains
g. Then N is the direct product of its Sylow pi-subgroups Pi, for i = 1, 2, . . . , ℓ.
We identify the permutation set {1, 2, . . . , t} with Z/tZ by sending x to [x]t, the congruence class of in-
tegers congruent to x modulo t. We identity Z/tZ with Z/q1Z × Z/q2Z × · · · × Z/qℓZ by sending [x]t to
([x]q1 , [x]q2 , . . . , [x]qℓ). On Z/tZ the action of g is given by [x]t 7−→ [x+ 1]t.
Let N1 = P2P3 · · ·Pℓ and choose h ∈ N1. Consider any element x = ([x1]q1 , [x2]q2 , . . . , [xℓ]qℓ) of Z/q1Z ×
Z/q2Z× · · · × Z/qℓZ and define
([y1]q1 , [y2]q2 , . . . , [yℓ]qℓ) = h([x1]q1 , [x2]q2 , . . . , [xℓ]qℓ).
We will prove that [y1]q1 = [x1]q1 .
Define g1 = g
t/q1 , which has order q1, so it commutes with h. Hence hg
k
1 (x) = g
k
1h(x), for any integer k.
Evaluating each side of this equation we obtain
h([x1 + kt/q1]q1 , [x2]q2 , . . . , [xℓ]qℓ) = ([y1 + kt/q1]q1 , [y2]q2 , . . . , [yℓ]qℓ).
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Now define g2 = g
q1 , which has order t/q1, so g2 ∈ N1. We can choose an integerm such that [yi+mq1]qi = [xi]qi ,
for i = 2, 3, . . . , ℓ. It follows that
gm2 h([x1 + kt/q1]q1 , [x2]q2 , . . . , [xℓ]qℓ) = ([y1 + kt/q1]q1 , [x2]q2 , . . . , [xℓ]qℓ),
for any integer k. We obtain an action of gm2 h on Z/q1Z. However, the order of g
m
2 h is coprime to q1, so g
m
2 h
is the identity permutation. Hence [x1]q1 = [y1]q1 , as required.
A similar argument holds with the ith component instead of the first component. Thus, if h ∈ Pj , then
h fixes each component of Z/q1Z × Z/q2Z × · · · × Z/qℓZ other than the jth component. In this way we can
identify Pj with a subgroup of Sym(Z/qjZ), and N = P1×˙P2×˙ · · · ×˙Pℓ. Now, g
n/qj ∈ Pj and it is a qj-cycle
in Sym(Z/qjZ). By Lemma 2.2 there is a unique Sylow pj-subgroup Qj of Sqj that contains g
n/qj . Taking
the product Q1×˙Q2×˙ · · · ×˙Qℓ of all such groups we obtain a maximal nilpotent group containing g (and N),
uniquely specified by the subgroups Qj , as required. 
The following proposition is an immediate consequence of Lemmas 2.1 and 2.3.
Proposition 2.4. Let O1, O2, . . . , Ok be the orbits in {1, 2, . . . , n} of an element g of Sn, and suppose that
the orders t1, t2, . . . , tk of these orbits form a distinct partition of n. Then there is a unique maximal nilpotent
subgroup N of Sn that contains g. Furthermore, there are subgroups Ni of Sym(Oi), for i = 1, 2, . . . , k, with
N = N1 ×N2 × · · · ×Nk,
where, for i = 1, 2, . . . , k, we write P(ti) = [pj1 , pj2 , . . . , pjℓi ] and PP(ti) = [qj1 , qj2 , . . . , qjℓi ], and we have
Ni = Ppj1 ,qj1 ×˙Ppj2 ,qj2 ×˙ · · · ×˙Ppjℓi ,qjℓi
,
for some Sylow pjs-subgroups Ppjs ,qjs of Sqjs , s = 1, 2, . . . , ℓi.
Let g be an element of a subgroup G of Sm and let h be an element of a subgroup H of Sn. Suppose that
g can be expressed as a product of disjoint cycles of lengths λ1, λ2, . . . , λk (not necessarily distinct) and h can
be expressed as a product of disjoint cycles of lengths µ1, µ2, . . . , µℓ. Then the permutation (g, h) : (x, y) 7−→
(xg , yh) acting on {1, 2, . . . ,m} × {1, 2, . . . , n} can be expressed as a product of disjoint cycles of lengths λiµj ,
for i = 1, 2, . . . , k, j = 1, 2, . . . , ℓ. In this manner we can determine the cycle types of all members of G×˙H from
those of G and H . This observation is used in the proof of Proposition 2.5, to follow.
Now, let T be a distinct partition of the positive integer n; that is, T ∈ DP(n). Given an element g of Sn
with cycle type T we let Ng denote the unique maximal nilpotent subgroup of Sn containing g. Then we define
N(T ) = {h−1Ngh : h ∈ Sn}.
Clearly, this definition does not depend on the choice of permutation g of cycle type T .
We are now able to state our final result.
Proposition 2.5. We have Sn =
⋃
T∈DP(n)
N(T ).
Proof. Observe that if q is a power of a prime p, then the group Pp,q contains a q-cycle. This implies, in the
notation of Proposition 2.4, that the group Ni contains
Cqj1 ×˙Cqj2 ×˙ · · · ×˙Cqjk ,
where each group Cqjs is a cyclic permutation group generated by a qjs-cycle. Hence Ni contains a ti-cycle. It
follows, in turn, that the group N contains the product of k disjoint cycles of lengths t1, t2, . . . , tk.
We define
Ω =
⋃
T∈DP(n)
N(T ).
Choose an an arbitrary element h of Sn. We wish to show that h ∈ Ω, and since Ω is a union of conjugacy
classes of Sn, it is enough to show that Ω contains an element conjugate to h. Let R = λ
a1
1 λ
a2
2 · · ·λ
ak
k be the
cycle type of h, using the usual partition notation: h is a product of ai disjoint λi-cycles, for i = 1, 2, . . . , k, and
a1λ1 + a2λ2 + · · ·+ akλk = n. (This notation will be used only in this paragraph and the next.)
Now we describe a process for amalgamating parts of the partition R “in pairs”: for i = 1, 2, . . . , k, whenever
ai > 1 we replace λ
ai
i by {
(2λi)
ai/2, if ai is even,
(2λi)
(ai−1)/2λi, if ai is odd.
We repeat this process until we have a distinct partition T . For example, if R = 2232436181161, a partition of
52, then
2232436181161 −→ 416181416181161 = 426282161 −→ 81121161161 = 81121162 −→ 81121321.
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We claim that the groups in N(T ) contain elements of cycle type R. To see this, observe that, given a part t
of T , we can work backwards through the algorithm from T to R to obtain a list Rt of parts of T whose sum is
t (not necessarily unique). Each element of Rt is a factor of t with quotient a power of 2. By working through
the parts of T one by one, we can choose the lists Rt, for t ∈ T , to be a partition of R. For instance, using the
example above with T = 81121321, we can choose
R8 = [2, 2, 4], R12 = [3, 3, 6] R32 = [4, 4, 8, 16].
Let t be a part of T and let Rt = [r1, r2, . . . , rℓ] be the corresponding parts of R, listed in ascending order.
Then t/r1 = 2
d, for some positive integer d. Let si = ri/r1, for i = 1, 2, . . . , ℓ, so s1 + s2 + · · ·+ sℓ = 2
d. Each
integer si is a power of 2. Hence any element of the symmetric group S2d with cycle type [s1, s2, . . . , sℓ] has
order a power of 2. It follows that such an element is contained in a Sylow 2-subgroup P2,2d . Consequently, the
group Cr1×˙P2,2d contains an element of cycle type Rt, where Cr1 is generated by an r1-cycle.
Let r1 = p
a1
1 p
a2
2 · · · p
ak
k be the prime decomposition of r1 and, as usual, set qi = p
ai
i , for i = 1, 2, . . . , k. We
observed at the start of the proof that Cr1 is a subgroup of Pp1,q1×˙Pp2,q2×˙ · · · ×˙Ppℓ,qℓ , so the group
Pp1,q1×˙Pp2,q2×˙ · · · ×˙Ppℓ,qℓ×˙P2,2d
contains an element of cycle type Rt. If p1, p2, . . . , pℓ are all odd, then we call this group N1. If this is not the
case, then we relabel so that pℓ = 2 and we make this group bigger, by defining
N1 = Pp1,q1×˙Pp2,q2×˙ · · · ×˙Ppℓ−1,qℓ−1×˙P2,qℓ2d .
Observe that, again, N1 contains an element of cycle type Rt.
If T has e parts, then we repeat this process, and obtain groups N1, N2, . . . , Ne. Notice that N1×N2×· · ·×Ne
embeds in Sn (naturally and intransitively), and observe that it lies in N(T ) and contains an element of cycle
type R, as required. 
We can now prove the results stated in the introduction, beginning with Theorem 1.1.
Proposition 2.4 tells us that if the cycle type of an element g of Sn is a distinct partition of n, then g lies
within a unique maximal nilpotent subgroup of Sn. Recall from the introduction that we denote the collection of
all such maximal nilpotent subgroups by M. Thus M = {X : X ∈ N(T ) and T ∈ DP(n)}. By Proposition 2.5,
M is a cover of Sn. Furthermore, the uniqueness property of Proposition 2.4 implies that M is the unique
minimal nilpotent cover of Sn by maximal nilpotent subgroups. This concludes the proof of Theorem 1.1.
Corollary 1.2 follows immediately from Proposition 2.4 and Theorem 1.1.
It remains only to prove Corollary 1.3. First we establish that Σ∞(Sn) = σ∞(Sn), observing that we already
know that σ∞(Sn) ≤ Σ∞(Sn) (which, as noted in the introduction, is true more generally). For the reverse
inequality, given N ∈ M we can find an element gN (with cycle type a distinct partition of n) for which N is
the unique maximal nilpotent subgroup of Sn containing gN . The set {gN : N ∈ M} is a non-nilpotent subset
of Sn of size |M|, so Σ∞(Sn) ≤ σ∞(Sn), as required.
Next, observe that
|M| =
∑
T∈DP(n)
|N(T )|,
where N(T ) is equal to the index of the normalizer NSn(Ng) of Ng in Sn, for any permutation g of cycle type T .
Let O1, O2, . . . , Ok be the orbits in {1, 2, . . . , n} of g. Using Proposition 2.4 we can write Ng as a direct product
N1 ×N2 × · · · ×Nk, where Ni is a subgroup of Sym(Oi), for i = 1, 2, . . . , k. Now, if h ∈ NSn(Ng), then h must
permute the orbits Oi, and since they are of distinct orders we see that h fixes each orbit. Consequently, the
normalizer NSn(Ng) is the direct product of the normalizers of the subgroups Ni in Sym(Oi), for i = 1, 2, . . . , k.
Let N be any one of the subgroups Ni and let t = |Oi|; thus t is one of the parts of T . We write P(t) =
[p1, p2, . . . , pℓ] and PP(t) = [q1, q2, . . . , qℓ]; then Proposition 2.4 tells us that
N = Pp1,q1×˙Pp2,q2×˙ · · · ×˙Ppℓ,qℓ ,
for Sylow pj-subgroups Ppj ,qj of Sqj , j = 1, 2, . . . , ℓ. Now, if h belongs to the normalizer of N (in Sym(Oi)), then,
for each j = 1, 2, . . . , ℓ, the permutation h must preserve the unique system of imprimitivity of N comprising
t/qj sets of size qj . Consequently, the normalizer of N is the direct product of the normalizers NSqj (Ppj ,qj ),
for j = 1, 2, . . . , ℓ. The normalizer NSqj (Ppj ,qj ) is known to have order (pj − 1)
ajp
ej
i , where qj = p
aj
j and
ei = (p
ai
i − 1)/(pi − 1). Hence
|N(T )| =
|Sn|
|NSn(Ng)|
=
n!∏
t∈T
ℓ∏
i=1
(pi − 1)
aipeii
,
as required.
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